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Control Theoretic Approach to Inertial Navigation Systems

I. Y. Bar-Itzhack* and N. Bermant
Technion—Israel Institute of Technology, Haifa, Israel

In this work, the analysis of inertial navigation systems (INS) is approached from a control theory point of view.
Linear error models are presented and discussed and their eigenvalues are computed in several special cases. It is
shown that the exact expressions derived for the eigenvalues differ slightly from the commonly used expressions. The
observability of INS during initial alignment and calibration at rest is analyzed. A transformation that is based on
physical insight is introduced that enables us to determine the unobservable subspace and states rather easily by
inspection of the new dynamics matrix. Finally, the relationship between system observability and quality of estima-

tion is presented.

1. Introduction

NERTIAL navigation systems (INS) are sophisticated

autonomous, electromechanical systems that supply the
position, velocity, and attitude of the vehicle on which they are
mounted. The first INS in operation were those that the World
War II German V-2 rockets were equipped with. Since then,
INS have become standard equipment in ballistic missiles and
in all modern fighter aircraft and airliners. What makes INS
particularly suitable for ballistic missile guidance is its au-
tonomous mode of operation during the boost phase. This
feature yields a jam-proof guidance system.

INS is basically a measuring system; therefore, the outputs
of an ideal INS are the exact position, velocity, and attitude of
the host vehicle. The analysis of an ideal INS is, consequently,
trivial and uninteresting. It is only when we consider the error
analysis of INS and, in particular, terrestrial INS that we find
interesting features so typical of INS. For this reason, most of
the literature on INS is concerned with its error analysis and
error propagation. A lot of knowledge has been gained on the
behavior of INS errors from the accumulated experience of
INS users and analysts. Linear models were developed that
describe accurately the behavior of these errors. These models
were put to use online in the mid-60s in the successful imple-
mentation of Kalman filters for estimating the INS error out-
puts and error sources.

When analyzing INS errors, the following obvious questions
come immediately to mind: How do the errors behave in time?
Can we measure all error components? If we can measure only
a part of them, can we estimate the rest? Is it possible to control
the errors? The experience gained so far from the use of aided
and unaided INS during its various phases of operation supply
answers, which are mainly empirical, to these questions. There-
fore, it is not the purpose of this work to expose new features
of the INS, but rather to cast the known INS characteristics in
terms of linear systems and control theory concepts and ex-
plore hidden relations between system parameters and states
that affect system performance. This approach enables us, for
example, to compute system eigenvalues and show that the
exact frequencies of oscillation, as well as the vertical channel
modes, differ slightly from the commonly quoted values.

This approach was used in the past. Broxmeyer' and Brit-
ting,? for example, found the eigenvalues of a cruising INS
whose vertical channel was omitted since it is only weakly
coupled to the horizontal ones and is usually damped. How-
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ever, as will be shown in the sequel, the inclusion of the vertical
channel does alter the eigenvalues slightly. In the examination
of system observability, we use a straightforward transforma-
tion into observable and unobservable subsystems that, in turn,
expose the states that hamper the estimation of INS errors
during the initial alignment and calibration phase of operation.
This approach was adopted successfully in the past by Kor-
tum>® who considered the problem of INS platform alignment
in which the measurements were the horizontal accelerometer
outputs, whereas in the present case the measurements are the
INS horizontal velocity components. In addition, the compari-
son of this approach to the classical one that is presented in the
present paper, as well as the discussion of uniqueness and the
relationship between observability and quality of estimation,
provide additional insight into the observability issue. It is
hoped that the examination of INS as a unified system from a
control theory point of view will shed more light on the system
and contribute additional insight into the analysis of INS.

In the next section, we describe the INS linear error model
that will be the investigated plant. In Sec. III, we investigate the
eigenvalues of INS in various phases of operation, and in Sec.
1V, the issues of controllability and observability of the system
are discussed. The relation between system observability and
the ability to estimate its states during initial alignment is
discussed in Sec. V. Finally, in Sec. VI, the conclusions are
presented.

H. INS Error Models

There are two approaches to the derivation of INS error
models. One of them is known as the perturbation (or frue
frame) approach, and the other is known as the psi-angle (or
computer frame) approach.* When deriving the perturbation
error model, the nominal nonlinear navigation equations are
perturbed in the local-level north-pointing Cartesian coordi-
nate system that corresponds to the true geographic location of
the INS. The psi-angle error model, on the other hand, is ob-
tained when the nominal equations are perturbed in the local-
level north-pointing coordinate system that corresponds to the
geographic location indicated by the INS. The development of
the first model can be found in Refs. 1 and 2, whereas the
development of the psi-angle model can be found in Refs. 5 and
6. Benson* showed that both models are equivalent and yield,
therefore, identical results. The differential equations that de-
scribe the error behavior of the INS are divided into equations
describing the propagation of the translatory errors and equa-
tions describing the propagation of the attitude errors. Both
the translatory and the attitude error equations can be ex-
pressed in two different ways that yield two versions of the
translatory error equations and two versions of the attitude
error equations. The two versions of the translatory equations
depend on whether the equation variables are position error
components or velocity error components. The two versions of
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the attitude equations depend on whether the equation variables are components of the platform to computer frame attitude
difference, or components of the platform to true frame attitude difference.é All these versions are, of course, identical.” In order
to obtain a complete set of INS error equations, the analyst has to decide whether to adopt the perturbation or psi-angle approach.
Once this choice is made, the analyst has to decide which of the two corresponding versions of the translatory equations to use and
which of the two versions of the attitude equations to use. (These two choices are independent.)

Most of the published work on INS errors adopt the psi-angle approach and use the velocity error version of the translatory error
equation (e.g., Refs. 8 and 9). We also use this model in the present analysis. In addition, we use the components of the platform
to computer frame attitude difference as the variables of the attitude error equations. Although this angular difference is imaginary
and cannot be measured, it possesses the advantage that the translatory error is not coupled into the attitude error equations.’ The
physical attitude difference between the platform and the local-level north-pointing coordinate system is calculable using the
position and attitude errors obtained from the solution of these INS error equations. The choices we made yield a complete
terrestrial INS error model expressed by the following equations®?

P+ (Q+w)xv=V—-y xf+Ag (1a)
F+pxr=v (1b)
Y+oxy=c¢ (lc)

where v, r, and ¢ are, respectively, the velocity, position, and attitude error vectors; € is the Earth rate vector; w is the angular

rate vector of the true coordinate system with respect to inertial frame; V is the accelerometer error vector; fis the specific force
" vector; Ag is the error in the computed gravity vector; p is the vector of the rate of turn of the true frame with respect to Earth;

and finally, e is the gyro drift vector. It can be shown (e.g., Ref. 6) that in the local north, east, and down coordinate system

QcosL
Q= 0 (2
~Q sinL

where L is the local latitude. The vector w is computed as follows:

o=Q+p (3)
where
A cosL
p=| -L @
-A sinL

When Eqgs. (1) are resolved in the true frame, we obtain nine scalar differential equations that can be put in a state-space model.
If we use the expressions given in Eqs. (2-4), the resulting state space model is as follows:

o 0 —isL L 1 0 0 0 0 0 Tn 0

rg IsL 0 AcL 0 1 0 0 0 0 rg. 0

. —L —JcL 0 0 0 1 0 0 0 . 0
s —g/R 0 0 0 —(Q+MDsL L 0 ~fo fe oy n | s
o, | =] 0 —g/R 0 (QQ+MsL 0 W+Nel S 0 —fv vg |+ Ve |
o P 0 0 2R -L —20+ d)cL 0 s fu 0 vp v,

U 0 0 0 0 0 0 0 —(Q+AsL L U en

Ve 0 0 0 0 0 0 (Q+ DsL 0 Q+HeL|| v .

¥p | 0 0 0 0 0 0 —L  —(Q+A)cL o |lvo ]| | e

where sL and cL denote, respectively, the sine and cosine of L, and the subscripts N, E, and D denote the north, east, and down
components, respectively.

We are interested in the INS error propagation when the system is at rest because during the major part of the INS operating
time the vehicle is in a cruising mode, and the difference between the behavior of INS at rest and in a cruising mode is very little.
Second, in most cases, INS alignment and calibration, which are a most essential phase of the operation of any INS, take place
when the system is at rest, and finally, the distinct behavior of INS errors is exposed when the system is at rest. When the INS is
at rest, Egs. (1) reduce to

r'n 0 0 0 1 0 0 0 0 01[ ry 0
rE 0 0 0 0 1 0 0 0 0 || re 0
- 0 0 0 0 0 1 0 0 0| r 0
4 |ow - 0 0 0 2Q, 0 0 g 0 || ox Vy
5 lee | =] 0 -0 0 =29, 0 20, -—g 0 0 ||vg | +| Vg (6a)
vp 0 0 2w 0 -2Q, 0 0 0 0 || vp A
Yn 0 0 0 0 0 0 0 Q, 0 ||yy en
. 0 0 0 0 0 0 -Q, 0 Q|| v ex
Yo 0 0 0 0 0 0 0 -Qy 0 || ¥, S
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where w? = g/R, Q, = cosL is the north component of Earth
rate, and Q, = —Q sinL is the down component of Earth rate.
The latter model can be written as

B =Ax+f (6b)

where the definition of x’, f/, and 4’ is obvious.

Initial ahgnment and calibration are usually performed when
the INS is resting at a location whose geographic coordinates
are known almost perfectly; that is, ry ~ rz ~ r;, ~ 0 (see Ref.
5, p. 182). For this reason, the first three states of the state
vector can be eliminated. The measured signals during initial
alignment and calibration are v, and vg, but vy, the vertical
velocity error, is of no interest. Moreover, it is well known that
the vertical channel is only very weakly coupled with the hori-
zontal channels.’®!" Thus, v, does not play any role in the
development of the measured signals vy and vg; therefore, v,
also can be eliminated from the state vector of the model that
describes the INS error behavior during the initial alignment
and calibration stage. In modeérn systems, a Kalman filter is
used to perform the initial alignment and calibration; however,
the model given in Egs. (6) is not suitable for use in a Kalman
filter since the accelerometer error and gyro drift rates are not
white noise processes, as required for proper use in a Kalman
filter. This obstacle is very easily overcome since, luckily, the
statistical characteristics of realistic accelerometer and' gyro
error data can be represented qu1te accurately by the outputs of
linear models driven by white noise. processes.'>!> When this js
done and the models are augmented with the basic INS error
model, the driving force of the augmented model does not
contain correlated noise, and the model can then be used in“a
Kaiman filter. In our analysis, we assume that the acceler-
ometer errors are basically bias errors and that the gyro errors
are basu:ally constant drifts; that is,

V=0 (7a)
£=0 (7b)

When ry, rg, rp, and v, are removed from the state of the INS
error'model of Egs. (6) and the resulting model is augmented
with Egs. (7), the following is obtained:
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This model can be written as
x=dAx (8b)

and the definition of x and A is obvious. The latter model
describes the propagation of vy, and v, when the INS is at rest,.
and the accelerometer and gyro errors are constants. Although
it seems that this model is not general enough, it turns our that
the conclusions derived from it are quite general. -An estimate
of the state vector yields the estimation of , as well as the
estimate of the accelerometer and gyro constant errors. Obtain-
mg the former is known as alignment, and obtalmng the latter
is known as calibration.

We are now interested in the examination of the models
given in Eqgs. (6) and (8) from the point of view of a control
analyst.
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II. Eigenvalues

The first question that comes to' mind when considering a
constant-parameter linear system is the following: What are the
system eigenvalues? The eigenvalues of the model describing
the INS error propagation when the INS is at rest are the roots
of the polynomial equation

4" — i =0 ©)
where 4’ is given in Eq. (6a). Let S = A%; then, the develop-
ment of the determinant |A * — Al results in the followmg poly-

nomial equation in A and S:

AS + DS + 4028% + (4% — 8Q% — 3w?)S — 20w =0

(10)

Obviously, three of the eigenvalues are
A =0 (11a)
A= 1jQ (11b)

They are associated with the attitude error equation (“Earth-
rate loop™; see Ref. 9). The first eigenvalue is its well-known
pole at the origin, whereas the second and third eigenvalues are
the familiar 24-h oscillation mode. Finding the rest of the
eigenvalues requires the solution of the polynomial in brackets.
This can be easﬂy accomplished in two extreme cases; namely,
when the INS is at the equator and when it is at one of the poles
of Earth. On the equator Q3 = Q2 and Q3, = 0; then, the poly-
nomial to be solved becomes

S3 + 4025 + 0} (402 ~ 3038 — 208 =0 (12)
The polynomial can be written as
(S +0d[S?+ (40> — 0)S — 204 =0 (13)

consequently,

N
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Since w2~ 1.5-10~° while 402 ~2-10~%, one may drop the
latter from Egs. (15) and (16) and obtain

Aoz~ tjo (17
Jdos~ +2120 (18)

The eigenvalues 1, ; are identified as the two oscﬂlatory modes
(Schuler modes) associated with the INS horiZontal channels.
The last two eigenvalues are the real diverging and converging
modes associated with the INS vertical channel. Note that al-
though the exact values of 4q_, given in Egs. (15) and (16) are
not equal to the much publicized values given in Egs. (17) and
(18), the dlﬁ'erence, though, is less than 1/4 percent. At the
poles Q2 = 0 while Q2 = Q?, thus, Eq. (10) becomes

S3 440252 — w¥(8Q2 + 30)S — 20° = O (19)
It can be easily shown that this polynomial equation can be
written as

(S = 20982 + 2029 + 0?)S + ] =0 (20)

Here, the vertical channel modes are exactly +2'2w; that is,

Ago = +2"%0 (21)

’fhe Schuler modes are the roots of the quadratic polynomial
equation

S 420202 + w)S +0*=0 (22)

which are

Sl ,= _(292 + 602) i [(292 + (D2)2 _w4] 1/2
consequently,

Ays= £ {Q+ %) - [(292+w )} — w22 (23a)

Aoz = TJ{2P + 0?) +[(2Q* + w?)* — 0¥'?}12  (23b)
Here, the differences between the exact value of the oscillation
frequencies given in Egs. (23) and w is about 6%. We see that
the reason for the deviation of these modes from w is the
coupling with the 24-h mode. This coupling is ignored in the
simple-minded analysis of INS' errors. However, when one
adopts the present approach of treating the full set of error
equations as a unified linear system expressed in the state
space, one is assured of obtalmng the exact expressions for the
system modes when computing the eigenvalues of the dynamics
matrix. A similar appreach was adopted in Refs. 1 and 2.
There, however, the vertical channel was excluded from the
error model and that influenced the resulting eigenvalues.

The modes that govern the error dynamics during initial
alignment and calibration at rest when the sensor errors are
those described by Eqs. (7) are the eigenvalues of 4 given in
Eq. (8a). They are the roots of

|4 —iI|=0 (24)
It can be easily shown that the latter equation yields
| AS(A2 +4Q3)(A2+ Q) = (25)
hence, the eigenvalues are

Aie=0 (26a)

lyg= *+j2Qp (26b)
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/19 10 = +jQ (260)

Five of the zero elgenvalues are due to the fact that the
sensor errors are modeled as constants [Eqgs. (7). The sixth
zero eigenvalue and 4y, are associated with the attitude error
equation [see Egs. (11)] Finally, 1,5 are due to the- coupling
between vy and vg. We realize that all the elgenvalues of the
Earth rate loop that existed in 4’ are also present in the initial
alignment and calibration error dynamics (i.e., in 4). On the
other hand, the Schuler loop modes do not exist in the latter
model. In addition, note that on the equator, 4,4 are zero also.

- IV. . Controllability and Observability

The next questions a control analyst would ask when given
a model of a linear system are the following: Is the system
controllable? Is it observable? In INS, controllability is not an
issue because, although external controls were not included in
the models of Egs. (6) and (8), it is well known that all the
states are directly accessible to control signals. The position,
velocity, accelerometer, and gyro error states are controlled by
simply changing their values in registers. The attitude error
states are also changed in registers when the system is a strap-
down INS, and when the system is a platform INS, these states
are changed by direct torquing of the platform about its axes.
(According to the formal definition of controllability, a con-
trollable system can always be brought from any arbitrary state
to any other arbitrary state during any arbitrarily chosen time
interval. In this sense, a platform INS is not controllable since
the torquing of the system cannot be accomplished below a
cértain time determined by the maximum turning rate of the
platform. However, if we adhere to this formal definition of
controllability, no physwal system is controllable since in prac-
tice control signals and states are bounded. For this reason, we
confine ourselvés to operation within the maximum torquing
rates of the platform and maintain that even the attitude error
states are controllable.)

The real and interesting issue is that of observability, espe-
cially during the initial alighment and calibration phase of the
system for an INS is only as good as its initial alignment and
calibration, and the quality of the latter hinges heavily on the
observablhty of the system. The observability issue will be now
examined in detail. Naturally, we are mainly concerned with
the model given in Eqs. (8). During the initial alignment and
calibration phase, we measure the velocity error states and try
to observe all the ten states of the system. The observation
model is therefore

1000000000
Z=[0100000000]" (272)

z=Cx (27b)

that is

where C is defined in Eq. (27a). _

We wish to investigate the observability of the dynamic sys-
tem of Eqs. (8) subject to the measurement model of Egs. (27);
that is, we wish to investigate the observability properties of the
pair {4, C}. To meet this end, we introduce a transformation
that takes the original state space into a particular state space,
that also has a physical interpretation of what we call “rate-
state space,” and that decomposes to unobservable and ob-
servable subspaces such that the unobservable subspace is
characterized by vectors u of the form u=VzZ, +¢xZ; +
epZs, where {Z), Z,,Z}is an orthonormal basis for the unob-
servable subspace as next described. Thus, under this transfor-
mation, V, &g, &p are the unobservable states. We summarize
this in the next theorem and the interpretation that follows.
(Note that Q, and Q, are latitude-dependent. At the poles
Qy =0, and at the equator Q, = 0. For the time being, we
avoid the poles; thus Q, is nonzero. The case of alginment at
a pole will be handled later.)
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THEOREM 1: Given the pair {4, C] of Egs. (8) and (27) where Qy; is nonzero, define the matrix T as fb‘llows:

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0. 2Q, 0 g 0 1 0 0 0 0
-2Q; 0 -g 0 0 0 1 0 0 0
T=1| 0 0 0 Q, 0 0 0o 1 0 0 (28)
0 0 -Q, 0 Qy 0 0 0 1 0 ‘
0 0 0 —Qy 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0
) 0 0 0 0 0 0 0 1 0
L 0 0 0 0 0 0 0 0 0 1
then T iransfbrms x into y such that
i) y is partitioned into y, and y,, where y, is observable and y, is unobservable.
ii) the dimension of y, is 7.
iif) 3 =[Vg, &p ep]. .
Proof. Define the matrix W as follows:
[ 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
—20,/¢ 0 0 —1/g 0 0 0 1/g 0 0
0 0 0 0 0 0 —1/Qy 0 0 1/Q,
W= —ZQZD/gQN 0 0 *Qp/gQN 0 1/Qy 0 Q5 /8Qy —Qy 0 29
Q —-2Q, 1 0 0 0 g/Qy 0 0 —g/Qxn
0 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 Q,/Q, 0 0 —Q5,/Qx
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1]

It can be easily verified that | T'| # 0 and that TW = I. Consequently, W = T !, If we perform a similarity transformation, it is
easily shown that

y=1Ly (30a)
z=Cy (30b)
where
L =TAT!
and
ro 0 1 0 0 0 0 ' 0 0 07
0 0 0 1 0 0 o ' o 0 0
0 0 0 20, 0 g 0 | 0 0 0
0 0 -2Q, 0 -g 0 0 , 0 0 0
0 0 0 0 0 Q, 0 , 0 0 0
L= |0 0 0 0 -0, 0 Qy 1 0 0 0
0 0 0 0 0 -Q, 0 1 0 0 0 31
_______________________________ U .
0 0 0 0 0 0 0 | 0 0 0
0 0 0 0 0 0 0 i 0 0 0
K 0 0 0 0 0 ) 0 0|
That is, ‘
L, 0
L=|=tho 32
[,0 | 0] 42
where
[0 o 1 0 0 0 0|
0 0 0 1 0 0 0
0 0 0 20, 0 g 0
Ly={0 0 -2, 0 —g 0 0 (33)
0 Q 0 0 0 Q, 0
0 0 0 0 -9, 0 Qy
[0 0 0 0 0 -Q, 0
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Obviously, y is partitioned into y, and y, where

=Ly (343)
z=C» (34b)
y.=0 (34¢)
and where
10000 00O
Cle[o 10000 0] (33)
Construct the observability matrix Q,, as follows:
e, ]
CLI Lll
On= (36)
LCLI L?1_

then, it can be shown that |Q, ;| # 0; hence, Q, is of full rank.
Consequently, the pair {L,;, C,;} is completely observable;
thus p, is completely observable and obviously its dimension is
7.-On the other hand, Eqs (34) reveal that y, is completely
decoupled from y, and is not measurable; consequently, p, is
unobservable. Examination of Egs. (8) and (28) proves
il

)When we compare the results of this theorem and the work
involved in proving it with the classical procedure of finding
the unobservable subspace (given in the Appendix), we realizé
that the present approach is easier; that is, the new transforma-
tion reveals right away (by 1nspect10n of the dynamics matrix,
L) which of the transformed states is unobservable and how to
define a set of vectors that span the unobservable subspace.
This -eliminates the tedious task of guessing such a set, and
although we still have to find the rank of a matrix, it is a 7th
rather than a 10th-order matrix. However, what is more impor-
tant is that the transformation and the discussion of observ-
ability associated with it are not merely mathematical
operations, but are rather closely related to the physics of the
system. The physical reasoning behind the transformation is
presented next.

" The system dynamics equation that is given in Eq. (8a) is
divided into the INS dynamics (the first five rows) and sensor
dynamics. The INS dynamics equations are

Oy =2Qp0r +8Yr+Vy

(37a)

vp=—2Qp0y — 8N+ Vg (37b)
Yn=QpVe+en (379

‘/}E =—-Qpfy +Qup +ex (374d)
IZID= '—QNl//E+BD (376)

In classical initial alignment, the signals vy and vy are fed
into controllers that torque (either mechanically or analyti-
cally) the INS in order to drive Y, ¥x, and ¥, to zero. The
latter is the goal of the initial alignment. Unfortunately, the
alignment process comes to a halt not when the three angles are
zero, but rather when the error signals v, and v reach zero,
and this situation takes place when {5 = Vg/gand yp = —Vy/
g, respectively [see Eqs. (37a) and (37b)]. For the latter to
happen, ¥, and ¥ ; have to be zero. This is 1mphed by the fact
that V and V are constants. Finally, since ¢ 5 1S constant, then
it is obvious from Eq. (37d) that when i/ y is indeed zero, ¥/ 5
can be zero if iy, =0. In summary, the alignment process halts
when by =i =¥y =yYr=¥, =0, and this does not take
place when Yy =Yz =y, =0.

I. Y. BAR-ITZHACK AND N. BERMAN

J. GUIDANCE

In modern approach, a Kalman filter is used to estimate i,
¥ s, and ¥, from the error signals vy and v, There is a direct
correspondence between the inability of the classical controller
to drive the angles ¥, ¥, and ¥, to zero and the inability of
the Kalman filter to fully estimate them. This deficiency is a
result of the fact that the states of the system are not completely
observable through the measurements of v, and v,. This is so
because at steady state, g is constant like V,, and the filter
cannot distinguish between their influence on 7, [sce Eq
(372)]. The same also holds for — g¥y and V. Slmllarly, in
steady state, Qp¥ ¢ is not distinguishable from ey in Eq (37c)
—QpY y is not distinguishable from Q¥ , or &, and vice versa
in Eq. (37d), and finally, QN!{/ £is not distinguishable from &},
in Eq. (37e) In other words, in steady state, none of the states
bears a unique signature on either of the observables vy or v.
Indeed, as will be shown in the next section; when a Kalman
filter is used to estimate the state vector, the states that are not
directly measured reach a steady state below which the estimate
cannot decrease. It is only the combination of states presented
in Egs. (37) that can be estimated and hence belong to the
observable subspace. Therefore, if we define them together with
the measured states as new states, ther the rest of the states
must be unobservable. Consequently, we deﬁne a new -state
vector as follows:

Yi=0Uy (38a)

Y2 =10g v(38b)

y3=2Qpv+gYe+ VN (38¢)
Ya=—2Qp0y —g¥n + Vg (38d)-

Ys=Quli + ey (38¢)

Vo= —Quiby + iy + 85 (38f)

Vyr=—Que+ €p (38g)

ys=Vg (38h)

Yo=¢g (381)

Yio="¢p (38)

The new state vector contains the rate of change of all the
original INS dynamic states; therefore, we call the new state
vector rate state. From this definition of y together thh Egs.
(37), it can be easily shown that

V= (392)

¥2= s (39b)

y3= ZQDY4 + &Y (390)
J}4 = "_299)’3 —8Ys (39d)
Vs =Qpys (39¢)

V6= —SQpys+ Quys (351)
Jr= —Qups (3%)
Je=0 (39h)

Yo=0 (391)
Yio=0 (39)

The definition of y given in Egs. (38) yield the transformation
matrix, 7, given in Eq. (28), and the set of differential equa-
tions given in Egs. (39) yield the dynamics matrix, L, given in
Eq. (31) with all its implications concerning the observability
properties of the system. Indeed, a quick inspection of L re-
veals 1mmed1ately that s> Yo, and y,, are completely detached
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from the output states of the system y; and y,. Consequently,
Y8, ¥o and y;, are unobservable. Note that like £, (in the
Appendix)

Vs Ve
Yo |=| €k (40)
10 &p

These familiar states form the unobservable part of fas well as
of y. We see that, indeed, a simple definition of a new state
vector (i.e., the rate-state) that is based on a straightforward
physical insight yields a dynamic matrix from which the unob-
servable states are apparent.

Let us now define a new (starred) state vector as follows:

yY¥=Ay» (41a)
yi¥=A4y, (41b)
»t
* {71 (41c)
d [ﬁ}

where 4, and A4, are invertible constant matrices. It can be

easily shown that

¥ Li‘llo][y’f]
KA P Pl [ 42
[yi‘] [0 U2 “2
1 0 0
0 1 0
0 20 0
20 0 —g
) 0 0 0
I'=| 0 -0
0 0 0
0 0 0
0 0 0
0 0 0

then T transforms x into y '’ such that

CONTROL THEORETIC APPROACH TO INERTIAL NAVIGATION

243

then p¥ is observable and y¥ is observable. Now since there is
an infinite number of suitable pairs {4,, 4,}, then the transfor-
mation of x into p that is partitioned into uncoupled observ-
able and unobservable parts is certainly not unique. With this
definition of y*, the vectors y¥ and y¥ are linear combinations
of y, and y,, respectively, where y, is observable and y, is
unobservable. This, however, is not the only way a new state
vector can be defined that is partitioned into uncoupled observ-
able and unobservable parts; namely, we can leave y, as is and
choose another y, that is unobservable, e.g., y2 = [Vy, Vg, &p]
or yT = [ y» ¥, ¥p] and so on. The consequence of this is that
it is wrong to choose one possible set of states {x,} that form a
proper p, and claim that they are the unobservable states of the
system. It can only be said that for a particular transformation,
the resulting y, comprises the unobservable states of that trans-
formation. The practical implication of the existence of various
sets of {x;} that comprise y, is that there are various sets of
states that if measured (in addition to vy and v,) will render a
completely observable system.

Note that alignment at the equator is a special case of the
previous one and is characterized by Q, =0 and Q, =Q.
Alignment at a pole, though, is a different case altogether.
There, Q, = 0 and Theorem 1 does not hold for this case. It is
clear, for example, that when Q, =0, T is singular. The ob-
servability of the system at a pole is treated in the following
theorem.

THEOREM 2. Given the pair {A, C} of Egs. (8) and (27) where
Qy =0 and Qp = — R, define the matrix T’ as

i) y ' is partitioned into y{ and y;, where y{ is observable and y 3 is unobservable.

ii) The dimension of y{ is 6.
i)y y'T= [¥p, Ve, VN, €0l

The proof of this theorem is identical to that of Theorem 1, only here W, the inverse of T, is

-

1 0 0
0 1 0
—20/g 0 0
0 —2Q/g l/g
, 0 0 0
Wi=1 o 0 0
0 0 0
0 2Py —Qfg
~20%/g 0 0
| 0 0 0
and the corresponding dynamic equation, L', is
o o 1 0
0 0 0 1
0 0 0 29,
0 0 -20, 0
, 0 0 0 0
L'=19 o 0 0
0 0 0 0
0 0 0 0
0 0 0 0
| 0 0 0 0

0 0 0 o o0 o0 O]
0 0 0 0 0 0 0
g 0 1 o0 o0 o0 o
0 0 0 1 0 0 0
Q 0 0 0 1 0 0 (43)
0 0 0 o0 0 1 0
0 1 o0 0 0 0 0
0 0 1 0 0 0 0
60 0 0 1 0 o0 0
60 0 o0 o0 0 0 1
0 0 0 0 0 0 o0
0 0 0 0 0 0 o
-1g 0 0 0 0 g ©
0 0 0 0 —1lg 0 0
0 0 0 1 0 0 o
0 0 0 0 1 0 o0 (44)
0 0 0 0 0 1 0
0 1 0 0 Ql 0 0
-Qg 0 1 0 0 Qg 0
0 0 0 0 0 0 1
J
0 0, 0 0 0 0
0 0, 0 0 0 o0
0 g + 0 0 0 0
-g 0" 0 0 o0 o
0 Q, 0 0 0 0
-Q, 0, 0 0 0 o (45
0 0, 0 0 o0 1
0 01 0 0 0 0
0 0" 0 0 0 o
0 0,0 0 0 0
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Note that at the pole Y, is unobservable. This is quite clear
since ¥, is observed through the well-known gyrocompassing
process that cannot take place if there is no Earth-rate compo-
nent along the north axis. In fact, it can be shown that for any
choice of y that is partitioned into an observable and unobserv-
able parts, ¥, will always be one of the states that constitute
the unobservable part of y.

V. Estimation and Observability

As was stated in the preceding section, our interest in the
observability of the system stems from the importance of the
role of the Kalman filter in estimating the state of the system.
As mentioned earlier, the process of estimating the state of the
system given by Eqs. (8) and removing it from the INS consti-
tutes the essential initial alignment and calibration phase of
operation of the system.

When a Kalman filter is applied to estimate x, the estimation
error standard deviation (which we denote by EESD) reaches
a steady-state value; that is, because the system is not com-
pletely observable, the EESD of all the states that are not
directly measured (i.e., x5 ;o) cannot decrease below a certain
bound. Now when y (recall that at a pole, y becomes y’) is
estimated, the result depends on, P,(0), the initial covariance
matrix. If P (0) is diagonal, then the EESD of the observable
states approach zero asymptotically, whereas those of the un-
observable states do not alter. (This, of course, is expected in
view of the last zero columns of L and L’.) However, in order
to maintain the equivalence between the estimates y and x, it is
necessary to start with y(0) and P,(0) that correspond to x(0)
and P,(0) respectively. ’

This is done using the transformation

(0) = Tx(0) : (46a)
P(0) = TP(0)TT (46b)

(at a pole, of course, T is replaced by 7”). Now, P (0) has
nonzero off-diagonal elements that introduce correlation be-
tween the states. This is obvious when we examine the relations
between x and y that reveal there is an initial correlation be-
tween the unobservable and the observable states. For this
reason, the EESD for all the states under the transformation T
or T”, including the unobservable ones, decrease once the esti-
mation process begins; however, as the estimation process pro-
gresses, the effect of P,(0) diminishes such that in steady state,
the EESD of the unobservable states reach nonzero lower
bounds, whereas those of the observable states reach zero. That
is, in the original representation, the EESD of all not directly
measured states cannot reach zero, whereas under the transfor-
mation T or T”, only the EESD of the unobservable states
cannot reach zero values. This stems from the fact that in x the
unobservable states are coupled dynamically with the rest of
the states, whereas in y they are dynamically decoupled from
the rest of the states, although initially correlated with them.

VI. Conclusions

Presentation of the INS error equations in a unified state-
space model enabled a general examination of the system char-
acteristics. Two important phases of operation of the INS were
considered; namely, the INS at rest and during initial align-
ment and calibration. In the former, the eigenvalues of the
system can be found analytically for two extreme cases; that is,
for operation at a pole and at the equator. The resulting eigen-
values are exact.

1 0 0 0
0 1 0 0
0 20, 0 e
0,= | —20, 0 —g 0
—4Q2 0 —3Q,8 0
0 —40% 0 —3Q,8
0 —80} 0 — (793 + Q%)

J. GUIDANCE

A linear transformation was presented here that transforms
the state vector of the INS error model during the initial align-
ment and calibration phase into the so-called rate-state vector.
From observation of the new dynamics matrix, it is evident
that the rate-state vector is partitioned into observable and
unobservable parts that are completely decoupled from one
another. This eliminates the cumbersome classical process of
determining the unobservable space of the system. We distin-
guish between two cases; namely, when the INS is at a point on
the globe that is not a pole and when the INS is at a pole. For
each of these cases, the transformation is slightly different, but
the methodology is identical. When the INS is not a pole, the
dimension of the unobservable subspace is 3, and at a pole it is
4. From the partitioning, it is clear that the unobservable states
impose a lower limit on the variance of the estimation error of
all the original states that are not measured directly. In the
rate-state presentation, we observe two cases. The first case is
characterized by a diagonal initial covariance matrix of the
estimation error of the rate-state vector. In this case, the vari-
ance of all the observable states go asymptotically to zero,
while those of the unobservable states stay constant. The sec-
ond case is characterized by a diagonal initial covariance ma-
trix of the estimation error of the original state vector. Through
the transformation, this yields a nondiagonal covariance ma-
trix of the initial estimation error of the rate-state vector. This
results in an initial decrease of the estimation error variance of
all the components of the rate-state vector. However, although
the variances that correspond to the observable states reduce
asymptotically to zero, the variances that correspond to the
unobservable states approach asymptotically nonzero lower
limits. Finally, the spanning of the unobservable subspace by
the original states is not unique. It implies that there are several
possible sets of measurements that, if performed, will yield a
completely observable system.
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Appendix

In this appendix, we show how the unobservable subspace of
the system described by Egs. (8) and (27) is defined and how a
sect of vectors that span it is found when the classical approach
(see Ref. 14) is selected. An examination of the computed ob-
servablity matrix

F e T
CA
Cc4?
0= : (A1)
reveals that i c A9~
rank @ =7< 10

consequently, the system is not completely observable. Let F, be
the observable subspace associated with the pair {4, C} and F,
be its orthogonal complement in R'°. Then, F, is the unobserv-
able subspace associated with the pair, and F, is seven-dimen-
sional and F, is three-dimensional. Since the rank of Q is seven,
we first choose seven independent rows of Q that span F; and
form the 7 x 10 matrix Q,. After computing Q according to
Eq. (A1), we realize that its first seven rows are independent.
We choose them to define Q, as follows:

0 0 0
0 0 0
0 1 0
0 0 1
Q Q
0 0
0 0

(A2)

oo O

v 0 2
20,
402,

g

conmnoocoo
Nnoocoooo

-3Q,8
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We are now looking for three additional independent row-vec-
tors to form the 3 x 10 matrix Q, such that Q* that is defined

as follows:
._Je
) [Qz] (A3)

is of rank 10. Then, the rows of Q, span F,; moreover, if we
define a new state vector f as follows:

e 191 fi
r-o==[ g2 ][] (49

f=05x (A5)

then,

lies in F, and, therefore, is the unobservable part of the new
state vector f. In order to find f,, we need, according to Eq.
(A5), to find Q,. Examination of the following choice of Q,

000O0O0OO0OT1O0TO0CO
Q,=j0 0 0 0000 010 (A6)
000O0O0OO0OOGO0OTO 01
reveals that Q* is of rank 10; that is, the rows of Q, are inde-
pendent of the rows of @, and, certainly, of one anothers;
hence, this choice of Q, is a proper one. Its rows form an

orthogonal set of unit vectors that span F,. Using this 0, in Eq.
(5) reveals that

Ve
=\ e (A7)
€p
It should be noted that our guess of Q, was facilitated by our

knowledge that V, ¢z, and ¢, are the unobservable states of
the vector y. This knowledge was gained from the definition of

CONTROL THEORETIC APPROACH TO INERTIAL NAVIGATION 245

the rate-state vector and its corresponding dynamics as ex-
plained in Sec. TV.
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